We show that all knots up to 6 crossings can be represented by polynomial knots of degree at most 7; among which except for 5 2 , 5 * 2 , 6 1 , 6 * 1 , 6 2 , 6 * 2 and 6 3 all are in their minimal degree representation. We provide concrete polynomial representation of all these knots. Durfee and O'shea had asked a question: Is there any 5 crossing knot in degree 6? In this paper we try to partially answer this question. We define the set P d to be the set of all polynomial knots given by t → f (t), g(t), h(t) where f, g and h are real polynomials with deg(f )
Introduction
The idea of representing a long knot by polynomial embeddings was discussed by Arnold [23] . Later as an attempt to settle a long lasting conjecture of Abhyankar [22] in algebraic geometry Shastri [1] proved that every long knot is isotopic to an embedding given by t → f (t), g(t), h(t) where f, g and h are real polynomials. These kind of embeddings are referred as polynomial knots.
In his paper Shastri produced a choice of very simple polynomials f, g and h to represent the trefoil knot and the figure eight knot. He was hoping that once there are more examples available to represent various knot types, the conjecture of Abhyankar may be solved. This motivated the study of polynomial knots in a more rigorous and constructive manner. Explicit examples were constructed to represent a few classes of knots such as torus knots (see [18] and [20] ) and two bridge knots (see [11] and [14] ). To make the polynomials as simple as possible the notion of degree sequence and the minimal degree sequence were introduced. The minimality was with respect to the lexicographic order in N 3 . In this respect minimizing such a degree became a concern.
Around the same time Vassiliev [24] studied and discussed the topology of the spaces V d for d ∈ N; where each of the space V d is space (with natural topology comming from R 3d−3 ) of all polynomial knots t → f (t), g(t), h(t) such that f, g and h are monic polynomials without constant term and having same degree d. Later, Durfee and O'shea [2] studied the spaces K d , where the space K d is the space of all polynomial knots of degree d. Note that a polynomial knot is an embedding from R to R 3 . If we compose it by linear transformation of the form (x, y, z) → (x − αz, y − βz, z) (α and β being some suitable real number) we get a polynomial knot t → f 1 (t), g 1 (t), h(t) with deg(f 1 ) and deg(g 1 ) being at most d − 1, which by further composing with a linear transformation of the type (x, y, z) → (x − γy, y, z) gives a polynomial knot t → f 2 (t), g 1 (t), h(t) with deg(f 2 ) at most d − 2. These transformations are orientation preserving and hence the new polynomial knots obtained upon composition are topologically equivalent to the old one. Thus if a knot can be represented as a polynomial knot of degree d then it is equivalent to a polynomial knot with degree sequence (d 1 is least such number, is still an unsolved problem. On the other hand another important question that can be asked is: given any positive integer d how many knots can be realized as a polynomial knot in degree d? Here it can be seen that for d ≤ 4 there is only one knot namely the unknot that can be realized. There are three nonequivalent knots that can be realized in d = 5 namely, the unknot, the right hand trefoil and the left hand trefoil and d = 5 is the least degree for the trefoils. Note that if a knot is realized in degree d it can be realized in degrees higher than d. For degree 6 we found an additional knot the figure eight knot which has 4 crossings.
In this connection Durfee and O'shea asked: are there any 5 crossing knot in degree 6? We note that there are only two knots with 5 crossings denoted as 5 1 and 5 2 in the Rolfsen's table. Using a knot invariant known as superbridge index, we can prove that 5 1 cannot be represented in degree 6. For 5 2 knot the superbridge index is not known. We show that there exists a projection of 5 2 knot given by t → f (t), g(t) with deg(f ) = 4 and deg(g) = 5, we in fact produce one. We also show that for any generic choice of a projection of 5 2 with degrees (4, 5) there does not exist a polynomial h in degree 6 such that t → f (t), g(t), h(t) is a polynomial representation of 5 2 . We conjecture that there are no 5 crossing knots in degree 6. This will be ascertained once a conjecture of Jin and Jeon [?] regarding superbridge index is proved. We show that both 5 crossing knots and all 6 crossing knots including the composite knots are realized in degree 7. We also look at the space P d of all polynomial knots t → f (t), g(t), h(t) such that f ghio and define two polynomial knots in this space to be path equivalent if they belong to the same path component in this space. This paper is organized as follows: In section 2 we discuss polynomial knots and introduce the space
we discuss the different knots those belong to the space P d . We separately take the case d = 6 and show that knots with crossing number 5 or more are not likely to be realized in P 6 . We show that all knots up to 6 crossings belong to the space P 7 .
In section 3, we concentrate on the path components in the space P d , for d ≥ 2. We prove that if d is minimal for a knot φ = (f, g, h) to belong to P d , then the knot φ and ψ = (f, g, −h) belong to the different path components of P d . Similarly if any other polynomial f or g has minimal degree for a particular knot then this might lead to more path components. We prove that, P 2 has four path components; and P 3 and P 4 are path connected. We estimate the lower bounds on the number of path components of P 5 , P 6 and P 7 . We conclude in section 4 by mentioning few remarks for the spaces P d , for d > 7.
2 Polynomial knots Definition 2.1. A long (non compact) knot is a proper smooth embedding φ : R → R 3 such that a map t → ||φ(t)|| of R into itself is strictly monotone outside a closed interval and ||φ(t)|| −→ ∞ as | t |−→ ∞.
It is clear that, using the stereographic projection π : S 3 \ {(0, 0, 0, 1)} → R 3 , we can identify the one point compactification of R 3 with S 3 . Thus by this identification, any long knot φ : R → R 3 has a unique extension as a continuous embeddingφ : S 1 → S 3 such thatφ takes the north pole (0, 1) of S 1 to the north pole (0, 0, 0, 1) of S 3 . The mapφ is tame knot and it is smooth everywhere except at the north pole where it has algebraic singularity (see [2] , proposition 1). Definition 2.2. Two long knots φ, ψ : R → R 3 are said to be topologically equivalent if there exist orientation preserving diffeomorphisms F : R → R and
Proposition 2.1. For two long knots φ and ψ, the following three statements are equivalent:
a) φ and ψ are topologically equivalent.
b) φ and ψ are ambient isotopic.
c) The extensionsφ :
where f, g and h are univariate real polynomials; is called a polynomial knot.
Remark 1.
A polynomial knot is long knot and it has been proved ( [1] and [19] ) that each long knot is topologically equivalent to some polynomial knot. Thus each (classical) knot K is ambient isotopic to the extensionφ :
By composing a polynomial knot φ = (f, g, h) of degree d with an orientation preserving tame 1 polynomial automorphism of R 3 acquires the form
and none of the degree lie in the semigroup generated by the other two (see [2] , Section 5). In other words, each polynomial knot φ of degree d is topologically equivalent to a polynomial knot ψ = (f 1 , g 1 , h 1 ), where deg(f 1 ) < deg(g 1 ) < deg(h 1 ) ≤ d and none of the degree lie in the semi group generated by the other two.
For an arbitrary but fixed positive integer d ≥ 2, consider a set A d of all maps φ = (f, g, h) : R → R 3 ; where f, g and h are real polynomials and deg(f )
An element of this set will be typically a map . Thus the set A d can be identified with R 3d , and hence it has natural topology coming from the usual topology of R 3d . Let P d be the set of all polynomial knots Certain numerical knot invariants can be inferred from the polynomial degree of a knot and vice-versa. In this connection some known useful results are summarized in the following proposition. Proposition 2.2. Let K be a (classical) knot having minimal polynomial degree d, then we have the following:
denote the minimal crossing number, bridge index and superbridge index respectively of the ambient isotopy class of the knot K.
The part a) can be proved using the Bezout's theorem. Also the proofs of the parts b) and c) are trivial. To get an idea about the proofs of all the parts, one can refer to [2] , propositions 12, 13 and 14.
From the results mentioned in the proposition 2.2, it is clear that in order to represent a knot with certain number of crossings the degree of it's polynomial representation has a lower bound. However knots with same number of crossings may have different crossing pattern, i.e. over and under crossing information. The result below tells us how the degree relates to the nature of the crossings. Theorem 2.3. Suppose a polynomial knot φ has a regular projection t → f (t), g(t) with n transversal double points and the crossing data of the knot is such that there are r changes from under crossing to over crossing (together with, from over crossing to under crossing) as we move along the knot. Let
and assume that no any k = 1, 2, . . . , n+2 (except d 1 and d 2 ) does belong to the semigroup generated by d 1 and d 2 . Let d be the minimal number for which there exists a polynomial h of degree d such that the embedding ψ = (f, g, h) represents (is topologically equivalent to) the knot φ, then d ≤ min{n + 2, r }.
Proof. The double points of the projection t → f (t), g(t) can be obtained by finding the real roots of the resultant Q(s) of the polynomials
be an interval that contains all these roots. Let us call these roots as the crossing points. We divide the interval [a, b] into sub intervals a = a 0 < a 1 < · · · < a r = b in such a way that the a i 's are not from the crossing points and within a sub interval [a i−1 , a i ] all the crossing points are either under crossing points or over crossing points. Let h 1 (t) = Π r i=1 (t − a i ). Clearly h 1 (t) is a polynomial of degree r that has opposite signs at under crossing and over crossing points and thus φ 1 = ( f, g, h 1 ) represents the knot φ.
Let for i = 1, 2, . . . , n; (s i , t i ), with s i < t i and s 1 < s 2 < · · · < s n , be the pairs of parametric values at which the projection has double points. Let C n+2 t n+2 + C n+1 t n+1 + · · · + C 1 t be a polynomial of degree n + 2, where C i 's are unknowns which we have to find by solving the following system
of n linear equations in n + 2 unknowns C 1 , C 2 , . . . , C n+2 . Where e i 's are arbitrary but fixed non-zero real numbers and they are positive or negative according to which the crossing is over crossing or under crossing. Since no any k = 1, 2, . . . , n+2 (except d 1 and d 2 ) does belong to the semigroup generated by d 1 and d 2 ; so the conditions f (s i ) = f (t i ) and g(s i ) = g(t i ) for i = 1, 2, . . . , n; imply that only two columns of the coefficient matrix
of the above system are dependent and remaining n columns are linearly independent. Thus it has infinitely many solutions and let
. . , C n+2 = c n+2 be any one of the solution. Hence the polynomial h 2 (t) = c n+2 t n+2 +c n−1 t n−1 + · · ·+c 1 t will be the polynomial such that the embedding φ 2 = ( f, g, h 2 ) represents the knot φ.
Thus we have the polynomials h 1 and h 2 with degrees r and n + 2 respectively such that the corresponding knots φ 1 and φ 2 represent the knot φ. Hence the minimal number d has to be at most min{ n + 2, r }. We have answered all the three questions for 2 ≤ d ≤ 5; and we have partial answers for d = 6, 7. In general, all these problems are difficult and answering one helps in answering the other two.
Proposition 2.4. The unknot is the only knot that can be represented as a polynomial knot in the space
Proof. Let K be a knot which is represented as a polynomial knot in the space P d , for d ≤ 4. Then by the proposition 2.2 a), the minimal number of crossings
. Thus K must be the unknot.
Proposition 2.5. The unknot, the trefoil knot and the mirror image of the trefoil knot are the only knots those can be represented as polynomial knots in P 5 .
Proof. Let K be a knot which is represented as a polynomial knot in P 5 . Then by the proposition 2.2 a), the minimal number of crossings
Hence K must be either the unknot or the trefoil knot or the mirror image of the trefoil knot. Proposition 2.6. There exist polynomials f and g of degrees 4 and 5 respectively such that the map t → f (t), g(t) represents a regular projection of 5 2 knot.
Proof. Consider a plane curve C given by the parametric equation
. This curve has an isolated singularity at the origin. For such plane curves, there are two important numbers that remain invariant under any formal isomorphisms of plane curves. The first one is the Milnor number µ and the other is the δ invariant (see [10] ). For a single component plane curve they satisfy the relation 2δ = µ.
In the present case it turns out that the δ invariant is equal to
. The δ invariant of a plane curve which is singular at the origin measures the number of double points that can be created in a neighborhood of the origin. Note that, we have δ ≥ 5. Using a result of Daniel Pecker [6] we can deform the curve
such thatC has 5 real nodes and 1 imaginary node. By continuity argument, we can choose the coefficients a i 's and b i 's such that the nodes occur in the order they are in the regular projection of the given knot.
In fact we have obtained a choice of f and g using mathematica: x(t), y(t) = 2(t − 2)(t + 4)(t 2 − 11), t(t 2 − 6)(t 2 − 16) which gives us a regular projection of 5 2 knot shown in the following figure: We consider the following sets:
regular projection of 5 2 knot with 5 crossings}.
regular projection of 5 2 knot with 6 crossings}.
For a typical element of U = U 1 ∪ U 2 we must have both a 4 and a 5 non zero, otherwise by an application of the Bezout's theorem there would be less than five crossings for the curve t → a 4 t [2] , lemma 4); and thus it will not be a projection of 5 2 knot. We have shown that U is nonempty set. For a projection t → f (t), g(t) , where f and g are polynomials of degrees 4 and 5 respectively; we would like to find a polynomial h of least possible degree such that t → f (t), g(t), h(t) represents 5 2 knot. We have the following theorem: Theorem 2.7. For a generic choice of a i 's and b i 's such that the curve
Composing this embedding with a suitable affine transformation, we can assume that the coefficients c 5 , c 4 and the constant term c 0 are zero. Thus we can take h(t) = c 6 t 6 + c 3 t 3 + c 2 t 2 + c 1 t. Note that, the projection has either 5 or 6 double points (crossings). We consider the following two cases.
Case i) If the projection has 5 crossings: Let for i = 1, 2, . . . , 5; (s i , t i ) with s i < t i and s 1 < s 2 < · · · < s 5 be the pairs of parametric values at which the crossings occur in the curve t → f (t), g(t) . Since we want alternatively over and under crossings, so we should have h(t i ) − h(s i ) is positive for i odd (i.e. the crossing is under crossing) and negative for i even (i.e. the crossing is over crossing). We want to find the values of the coefficients c 6 , c 3 , c 2 and c 1 such that for some choice of r i > 0, i = 1, 2, . . . , 5; h(t i ) − h(s i ) = r i for i odd and h(t i ) − h(s i ) = −r i for i even. This gives us a system of 5 linear equations in 4 unknowns as follows:
The rank of the coefficient matrix 
is an open and dense subset of U 1 × (R + ) 5 . Also for any choice of an element in V 1 , the above system has no solution. Hence a polynomial h does not exist for generic choice of regular projection t → f (t), g(t) with 5 crossings, where deg(f ) = 4 and deg(g) = 5, such that t → f (t), g(t), h(t) represents 5 2 knot.
Case ii) If the projection has 6 crossings: Let for i = 1, 2, . . . , 6; (s i , t i ) with s i < t i and s 1 < s 2 < · · · < s 6 be the pairs of parametric values at which the crossings occur in the curve t → f (t), g(t) . Let e = (e 1 , e 2 , . . . , e 6 ) be a pattern such that this together with the projection t → f (t), g(t) describe the 5 2 knot, where e i is either 1 or −1 respectively according to which the i th crossing is under crossing or over crossing. Let U e be a set of elements (a 0 , a 1 , a 2 , a 3 , a 4 , b 0 , b 1 , b 2 , b 3 , b 4 , b 5 ) of U 2 such that the projection
The rank of the coefficient matrix of the above system is at most 4. The system has a solution if and only if the rank of B is equal to the rank of the augmented matrixB e (where the subscript e denotes the dependence ofB e on the pattern e). Thus the system has no solution ifB e has full rank (i.e. rank(B e ) = 5).
Note that for each i, t i and s i are analytic functions of the coefficients a k 's of f and the coefficients b k 's of g. ThusB e (as function from R 17 to R 30 ) is a non-constant analytic function of a k 's, b k 's and r k 's. Hence the set
is an open and dense subset of U e × (R + ) 6 . It is clear that, for any choice of an element in V e , the above system has no solution. Now consider the disjoint union V 2 = e V e which is clearly an open and dense subset of disjoint union U 3 = e U e × (R + ) 6 , where both the unions are taken over all the patterns e. Note that, U 2 × (R + ) 6 ⊆ U 3 . It is easy to see that, for any choice of an element in V 2 , the corresponding system of linear equations has no solution. Hence a polynomial h does not exist for generic choice of regular projection t → f (t), g(t) with 6 crossings, where deg(f ) = 4 and deg(g) = 5, such that t → f (t), g(t), h(t) represents 5 2 knot.
The cases i) and ii) together prove the theorem.
Conjecture 2.1. 5 2 knot can not be realized in P 6 .
It is conjectured that the only 3-superbridge knots are 3 1 and 4 1 , and if it is proved; then by the proposition 2.2 c), the above conjecture will follow immediately. Similarly we conjecture that the knots 6 1 , 6 2 and 6 3 cannot be realized in P 6 .
Path components in the spaces P d
For any positive integer d, Vassiliev [24] has discussed the topology (it is inherited from R 3(d+1) ) of the space K d of polynomial knots φ = (f, g, h) where deg(φ) = d, i.e. degree of each of f, g and h is at most d and at least one of them has degree d.
Let P denote the set of all polynomial knots. Clearly
Thus P can be given the inductive limit topology and we can talk of P as the space of all polynomial knots. The spaces P d and K n , for d ≥ 2 and n ≥ 1, become subspaces of P.
Definition 3.1. Two polynomial knots φ and ψ in P are said to be polynomially isotopic if there exists a one parameter family Φ = { Φ s ∈ P : s ∈ [0, 1] } of polynomial knots such that Φ 0 = φ and Φ 1 = ψ. In this case, Φ is called as a polynomial isotopy from φ to ψ.
In the definition above one has to note that the map Ψ : [0, 1] → P defined by t → Φ t is continuous, i.e. it defines a path in P. Thus being polynomially isotopic is an equivalence relation in P and the equivalence classes are nothing but the path components of the space P. It is easy to note that, if two polynomial knots are polynomially isotopic then they are topologically equivalent as long knots and also the converse was proved in [19] . Hence two polynomial knots are topologically equivalent as long knots if and only if they lie in the same path component of P.
For two topologically equivalent (i.e. polynomially isotopic) polynomial knots φ and ψ in P d , the polynomial isotopy may pass through polynomial knots of various degrees and it might be possible that the isotopy in P passes through polynomial knots which are not members of P d . Hence two topologically equivalent knots in Proof. Let φ and ψ be two polynomial knots belonging to the same path component of P d . Since P d ⊂ K d , so φ and ψ are members of K d belonging to it's same path component. Thus by the proposition 3.1, they are topologically equivalent. Theorem 3.2. Let φ = (f, g, h) ∈ P d be a minimal polynomial representation of a classical knot K having polynomial degree d. Then φ and its mirror image ψ = (f, g, −h) belong to the different path components of P d .
Proof. Let us assume contrary that φ and ψ belong to the same path component of
Clearly c d = 0. Suppose Φ : [0, 1] → P d be a path from φ to ψ. For any s ∈ [0, 1]; let Φ s = Φ(s) and let Φ s is given by i) If K is acheiral, then P d has at least two path components corresponding to K K * .
ii) If K is cheiral, then P d has at least four path components corresponding to K and its mirror image K * .
Proof. i) If K is acheiral, then the proof follows trivially from the theorem 3.2.
ii) If K is cheiral and it is represented by φ 1 = (f, g, h) ∈ P d ; then φ 2 = (−f, g, −h) also represents K, and φ 3 = (f, g, −h) and φ 4 = (−f, g, h) will represent K * . Thus by the corollary 3.1.1, {φ 1 , φ 2 } and {φ 3 , φ 4 } can not belong to the same path component of P d . Now by the argument similar to the argument used in the proof of the theorem 3.2, one can see that φ 1 and φ 2 belong to two distinct path components of P d . Similarly, φ 3 and φ 4 belong to two distinct path components of P d . Hence φ 1 , φ 2 , φ 3 and φ 4 belong to four distinct path components of P d . Corollary 3.2.2. Let φ = (f, g, h) ∈ P d be minimal polynomial representation of a classical knot K having minimal polynomial degree d. Also assume that either deg(f ) or deg(g) is minimal in the sense that by reducing the degree will result into impossibility of representing K. Then we have the following: i) If K is acheiral, then P d has at least four path components corresponding to K K * .
ii) If K is cheiral, then P d has at least eight path components corresponding to K and its mirror image K * .
Proof. Without loss of generality assume that deg(f ) is minimal.
i) If K is acheiral; then by the arguments similar to the argument used in the proof of the theorem 3.2; φ 1 = φ = (f, g, h), φ 2 = (f, g, −h), φ 3 = (−f, g, h) and φ 4 = (−f, g, −h) belong to four distinct path components of
So by the corollary 3.1.1, {ψ 1 , ψ 2 , ψ 3 , ψ 4 } and {ψ 5 , ψ 6 , ψ 7 , ψ 8 } can not belong to the same path component of P d . Now by the arguments similar to the argument used in the proof of the theorem 3.2, it is easy to see that ψ 1 , ψ 2 , ψ 3 and ψ 4 belong to four distinct path components of P d . Similarly, ψ 5 , ψ 6 , ψ 7 and ψ 8 belong to four distinct path components of P d . Hence ψ 1 , ψ 2 , · · · , ψ 8 belong to eight distinct path components of P d .
Corollary 3.2.3. Let ϕ = (f, g, h) ∈ P d be minimal polynomial representation of a classical knot K having minimal polynomial degree d. Also assume that deg(f ) and deg(g) are minimal in the sense that by reducing any one of the degree will result into impossibility of representing K. Then P d has at least eight path components corresponding to K and its mirror image K * .
Proof. By the arguments similar to the argument used in the proof of the theorem 3.2, it is easy to see that
and ϕ 8 = (−f, −g, −h) belong to eight distinct path components of P d .
Remark 5.
In view of the corollary 3.1.1, the number of topologically distinct knots in P d provides us a lower bound on the number of path components of P d . Also the corollaries 3.2.1, 3.2.2 and 3.2.3 helps to estimate a lower bound on the number of path components of P d .
3.1 Spaces P 2 , P 3 and P 4
Proposition 3.3. The space P 2 is open in A 2 and it has exactly four path components.
Proof. By definition of P 2 and remark 2, it is easy to see that:
This is a Zariski open set. Hence P 2 is open in A 2 and it has four path components as given below:
Lemma 3.4. Let X be a topological space and F = { U α } α∈Γ is an arbitrary collection (with at least two members) of non-empty subsets of X which forms a covering for it. Suppose U α 1 and U α 2 be any two distinct members of F which satisfy the following two conditions:
i) For any x ∈ U α 1 and any y ∈ U α 2 , there is a path from x to y.
ii) For any U α and any z ∈ U α , there exists an element w ∈ U α 1 ∪ U α 2 such that there is a path from z to w.
Then X is path connected.
Theorem 3.5. The space P 3 is path connected.
Proof. We consider the following sets:
ϕ has degree sequence ( 0, 2, 3 ) } ∩ P 3 and U 4 = { ϕ ∈ A 3 : ϕ has degree sequence ( 1, 2, 3 ) } .
It is easy to note that, these are pairwise disjoint nonempty subsets of A 3 . By remark 2, one can see that, each of them is subset of P 3 . Also
To prove this proposition, we use the lemma 3.4.
a) Let φ ∈ U 1 and ψ ∈ U 4 be arbitrary elements. Let Φ : [0, 1] → A 3 be given by Φ(s) = Φ s for all s ∈ [0, 1]; where
for all t ∈ R. It is clear that, Φ 0 = φ and Φ 1 = ψ. Also for any s ∈ (0, 1], Φ s has degree sequence ( 1, 2, 3 ). Thus Φ s ∈ U 4 for all s ∈ (0, 1]. Hence Φ is a path in P 3 joining φ ∈ U 1 and ψ ∈ U 4 . b) Let ϕ = (f, g, h) be an arbitrary element of U 2 . Let Ψ : [0, 1] → A 3 be given by Ψ(s) = Ψ s for all s ∈ [0, 1]; where
for all t ∈ R. It is easy to see that, Ψ 0 = ϕ and Ψ 1 = τ ; where τ is given by τ (t) = ( t, t 2 , h(t) ) for all t ∈ R. One can see that, Ψ s ∈ U 4 for all s ∈ (0, 1]. Thus Ψ is a path in P 3 joining ϕ ∈ U 2 and τ ∈ U 4 .
where
for all t ∈ R. Clearly Υ 0 = σ and Υ 1 = υ; where υ is given by υ(t) = ( t, y(t), z(t) ) for all t ∈ R. It is to see that, Υ s ∈ U 4 for all s ∈ (0, 1]. Hence Υ is a path in P 3 joining σ ∈ U 3 and υ ∈ U 4 .
The part a) satisfies the first assumption; and the parts b) and c) together satisfy the second assumption of the lemma 3.4. Hence by that lemma, P 3 is path connected. Proposition 3.6. For real numbers a, b and c; a polynomial map φ ∈ A 4 given by t → ( t 2 + at , t 3 + bt, t 4 + ct ) is embedding if and only if both the conditions i) 3a 2 + 4b = 0 and a 3 − 2c = 0 and ii) 3a 2 + 4b < 0 and a 3 + 2ab + c = 0 do not hold.
Proof. It is easy to check: The polynomial map φ is not an embedding ⇔ for some real numbers s 0 and t 0 , φ(
is the common solution of the equations
Now using 3.1 in 3.2, we get
This quadratic equation has solutions t = t 1 and t = t 2 ; where
Since we just want the real solutions, so we must have 3a 2 +4b ≤ 0. So we consider the cases when 3a
2 + 4b = 0 and 3a 2 + 4b < 0.
Case a): If 3a 2 + 4b = 0, then t = −a/2 is the only solution of 3.4; and hence (s, t) = (−a/2, −a/2) is the only common solution of 3.1 and 3.2. So using this value of (s, t) in 3.3, we get a 3 − 2c = 0.
Case b): If 3a 2 + 4b < 0, then t = t 1 and t = t 2 are two distinct solutions of 3.4. Thus it is easy to see that, (s, t) = (t 1 , t 2 ) and (s, t) = (t 2 , t 1 ) are the only common solutions of 3.1 and 3.2. Using any one of the value of (s, t) in 3.3, we get a 3 + 2ab + c = 0.
In other words, cases a) and b) together say that; 3.1, 3.2 and 3.3 has a common solution ⇔ any one of the condition i) or ii) does hold. Hence φ is not an embedding ⇔ any one of the condition i) or ii) does hold.
Corollary 3.6.1. For e 1 , e 2 , e 3 ∈ { −1, 1 } and real numbers a, b, c; a polynomial map ψ ∈ A 4 given by t → ( e 1 t 2 + at , e 2 t 3 + bt, e 3 t 4 + ct ) is embedding if and only if both the conditions i) 3a 2 + 4e 2 b = 0 and e 1 a 3 − 2e 3 c = 0
ii) 3a 2 + 4e 2 b < 0 and e 1 a 3 + 2e 1 e 2 ab + e 3 c = 0
do not hold.
Proof. It is easy to note that, ψ is an embedding ⇔ τ ∈ A 4 given by t → e 1 (e 1 t 2 + at) , e 2 (e 2 t 3 + bt), e 3 (e 3 t 4 + ct)
is an embedding. But we have, τ (t) = ( t 2 + e 1 at , t 3 + e 2 bt, t 4 + e 3 ct ) for all t ∈ R. Now using the proposition 3.6 for τ ; we get, τ is an embedding ⇔ both conditions i) and ii) in the statement of the corollary do not hold. Hence same is true for the polynomial map ψ.
Proposition 3.7. For e 1 , e 2 , e 3 ∈ { −1, 1 } and real numbers a, b, c; a polynomial knot ϕ ∈ P 4 given by t → ( e 1 t 2 + at, e 2 t 3 + bt, e 3 t 4 + ct ) is path equivalent to a) a polynomial knot τ ∈ P 4 given by t → ( 0, e 2 t, e 3 t 2 ) or b) a polynomial knot ψ ∈ P 4 given by t → ( 0, −e 2 t, −2e 3 t 2 )
in the space P 4 .
Proof. We consider two cases as follows:
Case Thus by the corollary 3.6.1; for each s ∈ (0, 1), Γ s is embedding and hence so is Υ s . This shows that there is path in P 4 joining ϕ and ψ. for all t ∈ R; and let ψ = ( f 2 , g 2 , h 2 ). It is easy to see that, Υ 0 = σ and Υ 1 = ψ. So we get a path in P 4 joining σ and ψ.
The parts a), b) and c) together give a path in P 4 joining φ and ψ.
Corollary 3.8.1. Any polynomial knot in P 4 with degree sequence ( 2, 3, 4 ) is path equivalent in P 4 to a polynomial knot with degree sequence ( 0, 1, 2 ).
The proof of this corollary follows trivially by the proposition 3.7 and proposition 3.8.
Theorem 3.9. The space P 4 is path connected.
Proof. Consider the following sets:
: φ has degree sequence ( 1, 2, 4 ) } , V 9 = { φ ∈ A 4 : φ has degree sequence ( 1, 3, 4 ) } and V 10 = { φ ∈ A 4 : φ has degree sequence ( 2, 3, 4 ) } ∩ P 4 . Note that, these are pairwise disjoint nonempty subsets of A 4 . By remark 2, each of them is subset of P 4 . Also
By the argument similar to the argument used in the part a) of the proof of the theorem 3.5, one can show that there is path in P 4 joining an arbitrary element of V 1 to an arbitrary element of V 9 . Also by the arguments similar to the arguments used in the parts b) and c) of the proof of that theorem; it is easy to produce a path from an arbitrary element of V i , for i = 2, 3, · · · , 8; to some element of V 9 . Also by the corollary 3.8.1, there is path from an arbitrary element of V 10 to some element of V 1 . Thus both the assumptions of the lemma 3.4 are satisfied and hence P 4 is path connected.
Space P 5
By the proposition 2.5, we can realize the unknot and the trefoil knot in degree 5. In fact, Shastri [1] had shown a degree 5 realization of trefoil. It can be easily seen that if a knot K is represented by t → f (t), g(t), h(t) then its mirror image K * can be represented by t → f (t), g(t), −h(t) . Thus we can realize at most 3 knots in degree 5 namely: the unknot, the right hand trefoil and the left hand trefoil.
A mathematica plot of the Shastri's trefoil t → t 3 − 3t, t 4 − 4t 2 , t 5 − 10t and its mirror image t → − (t 3 − 3t), t 4 − 4t 2 , t 5 − 10t is shown in the following figure below: Figure 2 : Representation of trefoil knot and its mirror image From the corollary 3.2.3; in the space P 5 , the right hand trefoil and left hand trefoil both have at least 4 path components each. For example
2 ), t 5 − 10t are each topologically equivalent to the same handed trefoil and lie in the different path components of the space P 5 . An estimation of the lower bound on number of path components for each possible knot type in P 5 is given in the Thus P 5 has at least 9 path components.
Space P 6
All knots that have polynomial representation in degree 5 naturally have their representation in degree 6 as well. By the proposition 2.2 a), a knot K that has a polynomial representation in degree 6, the minimal crossing number c[K] must be less than or equal to 6. But by the proposition 2.2 c), the knots 5 1 , 5 *
and 3 1 #3 * 1 can not be represented in degree 6 (since they are 4-superbridge). Also, by theorem 2.7, almost there is no possibility to represent the knots 5 2 and 5 * 2 in P 6 ; and same is true for the knots 6 1 , 6 * 1 , 6 2 , 6 * 2 and 6 3 . While we have a degree 6 polynomial representation t → f (t), g(t), h(t) of 4 1 knot with degree sequence (4, 5, 6) ; where f (t) := (−4.8 + t) (−0.3 + t) (3.6 + t) (10 + t) , g(t) := (−4.8 + t) (−3.3 + t) (−0.3 + t) (2.3 + t) (4.6 + t) and h(t) := 0.5 t (−0.19 + t) (21.22 − 9.19 t + t 2 ) (17.78 + 8.42 t + t 2 ).
A mathematica plot of this representation of 4 1 is shown in the figure below: By the proposition 2.5, it is easy to argue that one can not represent 4 1 using polynomial knot of degree less than 6. Hence minimal polynomial degree of 4 1 is 6. Also one can see that deg(f ) and deg(g) are minimal, i.e. no any one can be reduced. Thus by the corollary 3.2.3, there are at least eight distinct path components in the space P 6 corresponding to the knot 4 1 3) A polynomial representation t → f (t), g(t), h(t) of 6 1 knot with degree sequence (5, 6, 7) is given by f (t) := 60 (−43.4 + t) (−28 + t) (5 + t) (31.4 + t) (47.6 + t) , g(t) := (−49 + t) (−38 + t) (−8 + t) (−6 + t) (28 + t) (43.6 + t) and h(t) := − 0. 5) A polynomial representation t → x(t), y(t), z(t) of 6 3 knot with degree sequence (5, 6, 7) is given by x(t) := 15 (−29 + t) (−20 + t) (10 + t) (30 + t) 2 , y(t) := (−32 + t) (−6 + t) (4 + t) (30 + t) (−400 + t 2 ) and 6) A polynomial representation t → f (t), g(t), h(t) of 3 1 #3 1 knot with degree sequence (5, 6, 7) is given by 
7)
A polynomial representation t → u(t), v(t), w(t) of 3 1 #3 * 1 knot with degree sequence (5, 6, 7) is given by u(t) := 30 (−32.5 + t) (−21.3 + t) (−3.3 + t) (16.2 + t) (28 + t) , v(t) := (−34 + t) (−23 + t) (−6.8 + t) (12 + t) (21.7 + t) (33.1 + t) and w(t) := − 0.03 t (−32.807367 + t) (−24.209735 + t) (15.257278 + t) (28.289226 + t) (0.0043718 − 0.0082068 t + t 2 ). 2 c) , any of them can not be represented by a polynomial knot with degree less than 7. In other words, their polynomial degree is 7 and hence each of them represents at least two path components of P 7 . Also remaining knots with at most 6 crossings represents at least one path component each. We have summarize this in the following table:
